
Math 564: Real analysis and measure theory
Lecture 12

Pushforward measures.

Lef . It IX , I) and (4
, 5) be measurable spaces and let m be a measure on E.

let f : X -> Y be an 12
,

5) - measurable function. Then thetepuchterward of M
is the measure fel labo Mf") on J defined by : for JE Y,

for (5) : = u/f "(5)).

Examples. (a) let Se D demote the unit circle
,
which is usually considered a

group
under

0 1

complex multiplication. This is identified with the group (IR/ , + ) as* S

follow : IR/ = 10
,
1) size 10

,
1) in a transversal for the coset excel of

· I & IR
.
Define F : [0, 1) -> S' by x + elix

/
which is a group isomor-

phism (IR/C
,

+) => (S, ) .

Then fex is a Borel measure on S.

1) let so be the group
of positive reals under Consider f : /Ra> 182o by Xi ex

and take the push forward measure fex
.

In particular
,

for 19
,
6) ? IRso
,

tox ((a, b)) = X ((loa , logg)) = logh-loga .

Def
.

Let IX
,
I
, M) be a measure space.

For an 15
,
1) - measurable function F :X-X

,
we say that M is Finvariant or that

↑ preserves If tem = h ,
i . e

. M(B) = M(F"(BL) for all Bet,
For a group

action +X such that each group
element acts as an E

,

1) -meas.

function
,
we say leM is P-invariant or R preserves u if for each WeP,

V = M .

Example . Let 3 : A - A be the leftechift map , i. e . Kulne It (xmilna - Any Bernoulli



meacue o is diff-invariant : indeed
,
it suffices to check on clinders [W] :

s"(w]) =Lam ,
so os"(w))= Kai = Zolaus =u]

DEA

A topological group is a grouphequipped will topology making multiplication and inverse

continuous. A Borel maine pr on G is called left-invariant dresp, right-invariant) if
it is invariat under the lefte trunktion (esp . right-translation) action Grea ,

se .

↑ (g - B) = m(B) (msp . M(B-y) = u(B)) .

Thorem (Harr
. Every locally compact (Hanschoff) group

admits a unique lup to scaling)
locally finite left-invariant Bonel measure (also a right-invariant Borel measure).
(finite on compact sels) This measure is called a left Harr measure losp . right Hear measure).

Examples . (a) For 1RP
,
+)
. Ubesque measure is a Hear measure .

16) For 11so ,) , the pashforward of Lebegue by XL: /R + Bo is a Hear measure

bese this function is a topological group isom
.
and Lebesque is Haar for (R

,
+).

() For IS,.)
,

the pashforward of Lebesque by xH**: (0 , 1) -> S' is a Hear

measure because this function is a topological group isomorphism and Lebesque
measure is a Haar measure on IR/ = CO

,
1). Note that this measure in a probability

measure
,
heare this is the unique probability Hear measure.

(d) Consider Du
group
(12)" = I' as a compact group

with te some topol . as I'm
under coordindewise addition mod 2

.

The Bernoulli) reaoue is the Ham

probability measure on 1/2). Incidentally ,
this is also the pushforward

of lbesque on 90
,
1 = IR/2 by f : 10 , 17 ->=1/24) by x #> binary

repr . of X.



Nonexample. The group
GLu() of all invertible real matrices under multiplication is locally expert

when viewed as a subset of IR" : indeed
,
MEGLull) <= defIM) #D ,

and the latter is

an open condition , so
Ghu(R) is an open subset of I . Furthermore

,
its complement,

the det =P set
,
is "lower dimensional" closed set

,
and one can show that it's will

,
co

GLu(IR) is a Lebesque conall open subset of IR". However
, Lebesque measure on GLu

is not aHaur measure (neither left nor right) because for example multiplication by 182.8)
scales the lebesque measure by 2. The Haar measure on GLu(I) is defined using
te Jacobian

,
i.
.

e
. integral with net in it.

We showed that translation actions QIR andD)T are egodic , and
one can also similarly show Beat for an irrational

↓ RIQ
,

the rotation by 2151 on
S' is ergodic , which is the same as the trans-

lation action of the Idensel subgroup celixs IS orS'. The flowing slows that

This is a general phenomenon :

Theorem
,

let h be a locally compact (Hausdorf group and N-G be a dense subgroup.
Then the left) translation action PG is ergodic with respect to

any Haar-measure.

Borel/measure isomorphism theorems.

The following is one of the basic theorems in descriptive set theory ,

which is used

by mathematicians le
. g, ergodic theorists and probability Morists) all the time

withoutmection.

Bowl isomorphism theorem
. Any two unctbl Polish spaces are

Bonel isomorphic ,
i
. e.

= F : X +Y bijection st . & and f"are Bonel

Proofasketch. For an nautil Polish
space X

,
it's enough to show that X is Bone



isomorphic to 2 . By the Bool version ofDe Cantor-Schroder-Bernstein Moren,

it is enough to show Rat E Bonel INCsX and XCCI. The first is

called the Cantor - Bendixion therem : for each wild Polish X
,
there is a

continuous embedding 2*X.

lenmalbinary representation). Any I'c Abl metric space X admits a Bowel

b : X G2IN

which we call a binary representation nap.
Proof

.
Let (Ua) be a ctl basis for X

,
so it separates points .

Then define b : X-2 by x #3 Hun))meN .

To deec that I is Borel,
it is enough to observe that 6" (Vn) = Un is Boel

,
where Un := (x2 : x (n) = 13,

because [Vab generates BlIN) lined, each linder in I is a finite intersection of

these Un and their compleats).

This finishes the sketch of Borel isom
.

Theorem.

Def
.
A measurable space (X , #) is called a standard Bowl space if there is a Polish

metric on X sub thatT = B(X)
.

In other words
,

X was a Polish space , but
we forgot its topology and only kept te Bonel G-algebra .

Thus Un Bonel isom . Theorem says
that there is only one lap to isomorphism

standard Borel space.

Def . Let (X
,
I
, u) and (Y

,
5
,
2) be messure spaces. A function fix

-> Y is called a

measure isomorphism if there are conall sets XEX and Y'EY such that

(F(x) : Xe Y' is a bijection and Bet (f(x) is 11
,
5) -measurable and

(fixil" is 15 , 1) - measurable and fal = r.



Measure isomorphism theorem
. Every atomless Borel probability measurem on a Polish space

X is

isomorphic to 190
, M , X) .

In fact
,
there is a Borel isomorphism fix10 , 1) with for = X.


